Up to now, experiments involving Mössbauer nuclei driven by x-rays have been restricted to the low-excitation regime. Here, a setup is proposed which promises significant excitation, ideally exceeding full inversion of the nuclear ensemble, at x-ray light sources under construction. We further introduce a method to experimentally verify such inversions, in which population inversions manifest themselves in symmetry flips of suitably recorded spectra. It neither requires per-shot spectra of the incoming x-ray pulses, nor absolute measurements of the scattered light intensity.
Nuclear quantum optics by now is a very active research field, both theoretically [1] [2] [3] [4] [5] [6] [7] [8] and experimentally [9] [10] [11] [12] [13] [14] [15] [16] [17] . More related references can be found in [18] [19] [20] [21] . Up to day, however, all experiments were restricted to the low-excitation regime, in which the number of excitations is negligible compared to the number of nuclei in the ensemble. This severely restricts the possible applications as compared to quantum optics operating at optical frequencies. For instance, efficient population transfer between nuclear states or significant manipulation of the nuclear level structure by strong control fields are currently unfeasible. In turn, non-linear light-matter interactions cannot be observed.
A second problem arises from the fact that it is difficult to reliably detect a possible population inversion. In principle, the Rabi flopping goes along with a periodic modulation of the scattered light intensity. But in particular if the light source enables excitation close to inversion, but not multiple Rabi oscillations, or if SASE FEL pulses with resonant intensity varying significantly from pulse to pulse are used, an absolute determination of the scattered light intensity as function of the resonant incidence intensity is challenging.
Here, we propose a setup which solves both problems. First, we introduce a robust method to determine the population inversion using spectral interference, rather than via absolute intensity measurements. Second, the setup promises strong excitation of nuclear ensembles at projected x-ray sources, ideally exceeding full inversion.
The main idea of the detection is illustrated in Fig. 1. An incident x-ray pulse (blue) excites the nuclei, which subsequently emit the scattered radiation (red). A detector registers the incident pulse together with the scattered light, including the interference of the two contributions. In the relevant case of a single nucleus excited by a short resonant δ-like x-ray pulse E(t) = A 0 δ(t), the electric field behind the scatterer can be written as [22] E(t) = E(t) + iβ d (t) .
(
Here, the second part is the scattered light, where the dipole operatord with magnitude d characterizes the nuclear excitation and β is a constant depending on the sample density and size [23] . The short x-ray pulse drives the system into the state d (t) = (id/2) sin (Φ), where Φ = 2dA 0 denotes the pulse area. This state subsequently decays spontaneously with decay rate γ. Thus,
where the step function θ(t) accounts for the excitation at t = 0. A Fourier transformation yields the coherent
FIG. 1. Method to detect population inversion. An incident pulse excites the nuclei, which subsequently emit scattered radiation. The observable spectra arise from the interference between incident and scattered radiation. As visualized in (i) for weak excitation and (ii) for excitation slightly beyond inversion, the induced dipole moment flips its sign whenever half a Rabi cycle is completed. These flips directly manifest themselves in the observed spectra. This way, population inversions can be detected in a direct and robust way.
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part of the observed light spectrum
We thus find that the incident pulse interferes with the scattered light, and the relative phase depends on the degree of excitation Φ. For a weak pulse with area Φ 1, the system is only slightly perturbed out of the ground state, as illustrated via the Bloch sphere in Fig. 1(a,i) . As expected, the corresponding spectrum is a Lorentz absorption profile, shown in (b,i). But if the incident pulse is sufficiently strong to invert the population of the nuclei as in panel (a,ii), the factor sin(Φ) flips its sign whenever half a Rabi cycle is completed. Accordingly, also the interference with the incident field and the resulting spectrum changes. This in turn leads to a conversion of the Lorentz absorption profile into a gain profile (b,ii). As a consequence, the population inversion clearly manifests itself in a qualitative change in the spectrum, rather than in a quantitative change in scattered light intensity.
We now turn to the setup to observe nuclear inversions. We base our considerations on x-ray cavities, which have proven to be a fruitful platform for nuclear quantum optics [4, 11-13, 15, 16] . In particular it was already shown that it enables an enhancement of the interaction of xrays with nuclei via cavity and coherence-based effects in a single setup [15] . Also, the x-ray incidence angle onto the cavity controls a constant relative phase between the scattered and the unscattered contributions [16] , enabling further manipulation of the intensity-dependent spectra. As an example used in the following, the dashed lines in Fig. 1(b) show the case of an additional 90
• phase shift, giving rise to Fano-like spectra [24, 25] .
The state-of-the-art quantum optical description for x-ray cavities [4, 26] is restricted to single excitations. Here, we extend this model to arbitrary excitations such that it encompasses population inversions. Introducing collective operatorsĴ ± = nŜ (n) ± as sum over all single particle raising/lowering operators, the Hamiltonian for the full system of N nuclei after adiabatically eliminating the cavity mode is [4]
Here, a in (t) is the amplitude of the driving field, ζ = 2|g| 2 /3(κ + i∆ C ) and ξ = ζ √ 3κ R /g * , where κ is the cavity decay rate, ∆ C the cavity detuning, and κ R and g the coupling coefficients of the cavity mode to the external field and the nuclei, respectively. The two parts in Eq. (4) account for driving field and cooperative Lamb shift. In a master equation approach, spontaneous emission (SE) and superradiant decay (SR) are governed by the Lindblad terms
whereρ is the ensemble density matrix. In [4, 26] , these equations were solved in linear response with at most one excitation in the system. Extending to arbitrary excitations, we are faced with the problem that the system's Hilbert space dimension is 2 N , rendering direct calculations impossible. To overcome this problem, we make use of the fact that the observed signal is dominated by the coherent part of the scattered light, which is highly collimated in forward direction and scales as N 2 [19] . This part arises from the collective superradiant nuclear dynamics on a time scale fast compared to that of the incoherent single particle spontaneous decay. We can thus approximately neglect the single particle spontaneous decay L SE . With this approximation, we can map our system onto a Dicke model [27] , in which only the N + 1 symmetric states are mutually coupled. This reduces the Hilbert space dimension from 2 N to N + 1 states. Using standard input-output relations, we can then evaluate the time-dependent field reflected by the cavity asâ
for arbitrary input fields a in (t). Withâ out (ω) the Fourier transform ofâ out (t), the spectrum of the coherently scattered light is
. Our numerical calculations typically are performed with N ∼ 100, which is significantly lower than the typical number of involved nuclei. However, we found that this number of atoms captures the many-body character well, and allows to extrapolate results for larger N via a suitable scaling of the coupling rate g (see Supplemental Material). Finally, we note that the input-output relation has the same structure as our toy model Eq. (1): The empty cavity response replaces the incident field part, and the collective dipole operator of the ensemble represents the scattered light.
Next, we present our numerical results. To connect with previous work, we first use a layer system Pt(2.6 nm)/C(7.9 nm)/ 57 Fe(1.5 nm)/C(9.3 nm)/Pt, which is the cavity studied in [4] at low excitation. Below, we will optimize this cavity structure systematically. The resonant nucleus is the isotope 57 Fe with transition energy ω 0 = 14.4 keV and life time 1/γ = 141 ns. Based on the absorption length in the guiding layer of the cavity we estimate a coherence volume with N ≈ 10 11 nuclei involved in the collective dynamics (see Supplementary Material). Parameters κ, κ R and g √ N are chosen as in [4], further we set ∆ C = κ.
To verify our new detection scheme, we first calculated spectra for Gaussian input pulses a in (t) ∼ exp (−t 2 /2σ 2 t ) with σ t = 100 fs. Results normalized to the spectrum of the input pulses I in = |a in (ω)| 2 are shown in Fig. 2 . The pulse amplitude is characterized via its area Φ = 2|ξ| a in (t)dt. As predicted, the spectrum changes its symmetry whenever Φ exceeds a multiple of π, i.e., whenever half a Rabi cycle is completed (double headed arrows). This can be best seen from the asymptotic be- havior at large frequencies. However, compared to our simple toy model, additional features appear in the center of the spectrum. First, the spectra are shifted relative to the nuclear resonance, which is due to the cooperative Lamb shift (single headed arrows). More interestingly, there are additional minima and maxima in the spectrum if the number of excited nuclei exceeds N/2 (dashed circles). We found that these arise due to the modified temporal decay of the nuclear ensemble characteristic of superradiance [29] . If more than half of the nuclei are excited, they do not decay exponentially like in the weak excitation case. Rather, the well-known intensity burst at a finite time after excitation occurs. This modified temporal decay in turn induces the additional structures in the spectrum. This feature is highly favorable, since it not only signifies collective dynamics, but also enables a clear determination of strong excitation of the nuclear ensemble even if the light source does not enable full inversion of the ensemble. Finally, we note that the spectra shown in Fig. 2 become flat for Φ = n · π. The reason is that the off-diagonal elements of the density matrix, which give rise to coherent emission, vanish if the system is either in the ground or in the fully excited state.
After having established our detection method for Gaussian input pulses, which now turn to SASE xray pulses. These are routinely available in current xray facilities, but are neither Fourier-limited nor have a Gaussian shape. We model the stochastic SASE pulses employing the partial coherence method [30] , assuming Gaussian mean pulse shapes in the time and frequency domains, with widths σ t = 100 fs and σ ω = f SASE /σ t . A larger number f SASE therefore results in noisier pulses.
Results for SASE pulses are shown in Fig. 3 . In ex- periments, it is challenging to record spectra before and after interaction with the target on a per-shot basis [31] . For this reason, we obtained our results by averaging the results for 100 different pulses with the same total intensity before the interaction. This intensity is typically experimentally accessible for each pulse, and we quantify it in terms of an effective pulse area Φ max , which is the area of a Fourier-limited Gaussian pulse with the same total intensity. Further, the results are normalized to the average input pulse spectra.
From Fig. 3 we find that the characteristic change in the spectrum symmetry can be observed even for large f SASE . As expected, the spectral response fluctuates due to the stochastic nature of the SASE pulses, and averaging over fluctuating shots results in a decreased visibility. As a consequence, the intensities required to clearly observe nuclear inversions increase, see Fig. 3 . Note that the required mean intensity reduces if the resonant intensities before and after the interaction could be measured on a per-shot basis, since then pulses with similar resonant intensity could be grouped in the averaging.
Finally, we analyze the absolute pulse intensities required in order to induce a full population inversion, and compare it to intensities of existing and projected x-ray sources. The condition for full inversion in terms of the pulse area is Φ ≥ π. For a Fourier-limited pulse of duration σ t , the integral in the pulse area a in dt ∼ √ N Ph σ t . As expected, longer pulses are favorable, since they correspond to a more narrow pulse spectrum. However, narrowing of the spectrum is limited due to the angular beam divergence, since it leads to a detuning with respect to the cavity mode resonance, effectively increasing the spectral width again. Hence, the condition to observe a population inversion can be expressed as a minimal number of required photons N Ph , which depends on beam divergence, pulse duration and the cavity structure (see Supplemental Material).
In addition to
57 Fe, we consider several other isotopes with low-lying transition energies and calculate the number of required photons for different cavity layouts with the aim to relax the requirements for the x-ray sources. This optimization is challenging, since several parameters and a number of effects need to be considered. For example, the thickness of the topmost layer d top , which is acting as mirror, influences the quality factor Q of the cavity mode. A high Q leads to an increased effective coupling strength, but also corresponds to narrow spectral widths of the cavity mode, which effectively reduces the angular acceptance for the incoming x-ray field. This in turn restricts the possibility to focus the x-ray beam, and therefore enlarges the number of involved nuclei, rendering full inversion more challenging. Apart from that, d top controls the visibility of the interference between the scattered and the incoming light, which is our main observable. In our numerical study, the layer thicknesses and type of mirror materials were varied and the focal spot of the beam was chosen such that no other cavity mode is driven due to the beam divergence (see Supplementary Material). The result of our optimization is shown in Fig. 4 . As visible for the case of 57 Fe, optimizing the cavity structure provides a handle to lower the requirements for a population inversion. Since the degree of nuclear excitation scales with the pulse area as sin 2 (Φ/2), our model predicts excitation fractions of order ∼ 10% for the XFEL parameters and the optimized structures. At the upcoming European XFEL, a full inversion could already be observed for the isotope 193 Pt, depending on the internal inversion coefficient α for which different values were reported in the literature (see Supplementary Material). At the 193 Pt resonance energy 1.642 keV, pulses with 4×10
13 photons and duration 107 fs FWHM are predicted [32] , which according to Fig. 4 should be sufficient to achieve inversion for α = 3.5. Excitation fractions of ∼ 40% and 30% are predicted for α = 2200 and α = 3120, respectively. Similar machine parameters are achieved at LCLS [33] or SACLA [34] . We expect that the required coherence quality of x-ray pulses can likely be reached by utilizing self-seeding schemes [35] [36] [37] in combination with high-resolution monochromators [38] . Note that our results also show that the cavity approach enables one to enhance the excitation of nuclear ensembles by orders of magnitude compared to the free space case [39] .
An interesting alternative could be future XFELO sources, which will generate near Fourier-limited pulses by design [40] [41] [42] . These feature a lower number of photons per pulse (∼ 10 9 ), such that focusing is mandatory in order to reduce the size of the nuclear ensemble below the number of resonant photons in the x-ray pulse. The XFELO has the unique advantage that subsequent pulses with a MHz repetition rate are mutually phase coherent, such that the full inversion could be achieved using a sequence of multiple XFELO pulses if the ratio of pulse separation and nuclear life time is favorable. A particularly interesting candidate in this respect and for applications in precision metrology and spectroscopy is 45 Sc with a very long lifetime of 470ms, corresponding to a feV linewidth. Estimating that the excitation is given by the combined effect of pulses throughout the lifetime, the XFELO promises excitation fractions on the percent level, which is about six orders of magnitude higher than for XFEL parameters.
In summary, we presented a robust method to reliably detect the inversion or Rabi-oscillations of nuclear ensembles excited by x-ray pulses. It neither requires pershot spectra of the x-ray pulses, nor an absolute measurement of the scattered light intensity. We further proposed a setup which promises significant population inversion of nuclear ensembles at projected x-ray sources. These results open new avenues for x-ray quantum optics, involving significant population transfer between nuclear states, significant manipulation of the nuclear level structure by strong control fields, and non-linear light-matter interactions. 
SUPPLEMENTAL MATERIAL
Rescaling of the coupling constant g
Even after mapping our system to a Dicke model as explained in the main text, the size of the differential equation system prohibits a numerical simulation of all nuclei driven by a focused x-ray beam. We circumvent this obstacle by reducing the number of particles, but at the same time adjust the coupling rates, such that the results remain unchanged. In the linear limit, the collective coupling rate g √ N characterizes all observables including the spectra. Hence, this quantity must be kept invariant. We gradually increase the number of nuclei, while accordingly decreasing the value of g. Starting from N ≈ 5, the many-body effect of the superradiant decay burst becomes visible and its structure in the spectrum quickly converges with respect to N . In the main text, we show results obtained for N = 100, where we can expect that the many-body characteristics are fully captured.
Number of interacting nuclei
The cavity geometry for the resonant nuclei, which we analyze in the main text, facilitates the occurrence of cooperative effects such as superradiance and the collective Lamb shift, as experimentally shown in [11] . However, somehow interestingly, it is not directly known how many nuclei actually take part in this collective behavior. In the different theoretical and numerical approaches it is usually the density which enters the calculations [43] , but not the corresponding volume which would allow to deduce the number of nuclei N . In the quantum optical model [4] the problem is similar, as for results in the linear regime only the combined quantity g √ N , where g is the coupling constant between the cavity mode and the nuclear transition, enters the observables. Hence, from comparison with experimental data, only g √ N , but not the respective values of g and N can be extracted.
In a first approach we estimate the volume in which the coherent dynamics between the different nuclei can occur. For a large atomic separation, the damping due to absorption in the layer materials of the cavity gives rise to dephasing between the dipole moments and the collective behavior vanishes. For the cavity studied in the main text, the resonant layer consists of iron, for which the absorption length for x-rays at 14.4 keV is d ≈ 20 µm [43] . Alternatively, the length can be estimated via the maximum distance a photon can travel during the cavity mode lifetime 1/κ. Again, this yields several 10 µm. Thus, for the coherence volume we assume a disk with diameter d and thickness given by the size of the iron layer. With a number density of n ≈ 83 nm −3 we find the number of collectively interacting nuclei N ∼ 10 11 .
A second method to determine the number of nuclei consists in estimating the coupling constant g = d ω/2 0 V , where d is the dipole moment of the nuclear transition and V is the mode volume. The dipole moment can be found from comparing the radiative part of spontaneous decay with the Weisskopf formula for spontaneous emission [44] . For the mode volume we assume a disk with diameter d for the same reasons as before, however, its thickness is now given by the full extent of the cavity, i.e. the thickness of the guiding layer. With this approach we arrive again at N ∼ 10 11 . A method to determine N independent of our quantum optical model is enabled by the work of [8] , where superradiance and its dependence on the sample geometry is studied in detail. Interpreting the thin layer of resonant nuclei in the cavity as a quasi 2-dimensional structure, the number N , required to obtain the experimentally observed magnitude of cooperative effects, is well comparable to our previous estimations.
Required x-ray pulse intensity
In order to observe the symmetry flipping of the spectrum, at least half a Rabi cycle must be completed. The properties of the x-ray pulse, inducing such a Rabi oscillation, are estimated below. We restrict the discussion to Fourier-limited pulses, for which the pulse shape a in (t) is a real quantity. In this case, the condition for symmetry flipping can be written in terms of the pulse area
Next, we estimate the value of the integral. The number of photons in the pulse is given by |a in (t)| 2 dt = N Ph . Assuming a pulse with Gaussian envelope and width σ t = t FWHM /2.35, we obtain a in dt = 2 √ πN Ph σ t .
From this it is already visible, that not only the pulse intensity, i.e. the number of photons is of importance, but also a long pulse duration is desirable. This can be understood in the following qualitative picture. A large duration σ t corresponds to a pulse with a higher compression in frequency domain, and consequently, the photon energies are closer to the nuclear resonance frequency on average, thus enhancing the interaction probability. With the considerations so far, we arrive at the condition 8N Ph |ξ| 2 σ t π −3/2 ≥ 1. Additionally, the spot size and the beam divergence have to be considered in our estimation. Both are linked, since focusing of the beam results in a larger divergence. The phase space, i.e. the product of beam diameter d B and the angle of divergence θ B , is constant and typical values can be found in [32] . Let us first discuss the effect of the spot size. The beam impinges under grazing incidence with angle θ 0 , such that a guided mode of the cavity is driven. The volume in which nuclei are excited TABLE I. Optimization of the cavity structure for the implementation of full inversion. E0 is the resonance energy of the isotope in keV, M the mirror material, dtop and dcen the thicknesses of the mirror and center layer in nm, Nexc the number of nuclei in the excitation volume, dB and θB the beam diameter and divergence in µm and mrad, respectively, and N Ph is the required number of photons at a pulse length tFWHM = 100 fs. The resonant isotope layer thickness is 1 nm. 
, where d is the thickness of the resonant layer. This volume can differ from the coherence volume estimated above. To properly include the number of actually excited nuclei, the condition derived above has to be extended by an additional factor V coh /V exc . To relax the condition on the light sources, the excitation volume and therefore the number of excited atoms should be as small as possible. Decreasing the beam spot size with suitable optics in an experiment is beneficial, however this comes at the drawback of a larger beam divergence. If the beam divergence is too large, the incidence angle θ 0 is effectively modified and higher order guided modes of the cavity can be driven. This limits the maximum divergence to θ B,max ≈ |θ 1 −θ 0 |, where θ 1 is the resonance angle of the next closest cavity mode. Further, the spectral width of the x-ray pulse is effectively broadened, since the angular detuning from resonance angle θ 0 due to the beam divergence results in a detuning from the cavity mode resonance. The effective pulse width becomes σ ω,eff = σ 2 ω + (ω 0 θ 0 θ B ) 2 with σ ω = 1/σ t . Consequently, the pulse duration σ t from the condition above has to be replaced by the effective duration σ t,eff = 1/σ ω,eff . For very short pulses, the Fourier limit determines the spectral width, while at longer durations the beam divergence becomes the dominant effect. Especially for the case of resonant 57 Fe nuclei, these limiting cases can be observed in Fig. 4 in the main text.
Numerical cavity optimization
To optimize the cavity structure, we used a numerical approach in which the required number of photons at fixed pulse duration t FWHM = 100 fs was calculated. This optimization was performed for different resonant isotopes with relatively low-lying transition energies, for which the material parameters were taken from [19, 39, 45] . The thickness of the resonant layer was set to 1 nm, the guiding layer to carbon, and as mirror material both Pt and Pd were considered. For each configuration the beam spot size was minimized by setting the beam divergence to θ B,max . To determine the parameters κ, κ R , θ 0 and g of our theoretical model, we fitted the linear limit of I coh (see [4] ), which depends on the incidence angle and the frequency, to numerical data obtained with the well-established formalism of [46] . The respective best cavity layouts are listed in Tab. I and the photon requirements are shown in more detail in Fig. 4 in the main text. A very promising nucleus is 193 Pt with its transition at energy ω 0 = 1.642 keV, where the required photon number could be reached in current XFEL facilities. The possibility to observe a full population inversion, though, depends on the internal conversion coefficient α, for which the different values 3.5 [47] , 2200 [48] , 3120 [49] and 12000 [45] are reported in the literature. Since the nuclear scattering length scales with (1 + α) −1 [43] , this affects the estimation for the required intensity in the same manner. In Tab. I the calculation was performed with α = 3.5, Fig. 4 in the main text shows data for all four coefficients.
